Instanton bundles on the flag variety F(0,1,2) by Malaspina, Francesco et al.
ar
X
iv
:1
70
6.
06
35
3v
1 
 [m
ath
.A
G]
  2
0 J
un
 20
17
INSTANTON BUNDLES ON THE FLAG VARIETY F(0,1,2)
F. MALASPINA, S. MARCHESI AND J. PONS-LLOPIS
Abstract. Instanton bundles on P3 have been at the core of the research in Algebraic
Geometry during the last thirty years. Motivated by the recent extension of their definition
to other Fano threefolds of Picard number one, we develop the theory of instanton bundles
on the complete flag variety F := F (0, 1, 2) of point-lines on P2. After giving for them two
different monadic presentations, we use it to show that the moduli spaceMIF (k) of instanton
bundles of charge k is a geometric GIT quotient with a generically smooth component of
dim 8k − 3. Finally we study their locus of jumping conics.
Introduction
One of the classes of vector bundles which has raised most of the attention among algebraic
geometers is the class of instanton bundles. They were defined as the algebraic counterpart
that permitted to solve a central problem in Yang-Mills theory, a gauge theory for non-
abelian groups whose aim is to provide an explanation of weak and strong interactions. It
tries to extend the results of Quantum Electrodynamics (QED), which is a gauge theory for
abelian groups describing electromagnetic interactions. In the original Yang-Mills theory, the
term instanton or pseudo-particle denoted the minimum action solutions of SU(2) Yang-Mills
fields in the 4-sphere S4. This problem could be rephrased in terms of differential geometry
as follows: find all possible connections with self-dual curvature on a smooth SU(2)-bundle
E over the 4-sphere S4. Instantons come with a ’topological quantum number’ that can be
interpreted as the second Chern class c2(E) of the SU(2)-bundle on S
4 and it is known as
the ’charge’ of E . A major input to obtain the classification of the set of solutions of the
Yang-Mills field equations was given by twistor theory, as it was developed by R. Penrose.
The essence of the twistor programme is to encode the differential geometry of a manifold
by holomorphic data on some auxiliary complex space (a twistor space). In this setting, it
was realized that the original Yang-Mills problem on (anti)self-dual SU(2)-connections on
a bundle E on S4 could be restated in terms of the possible holomorphic structures on the
pull-back bundle pi∗E on P3(C), where pi : P3(C)→ S4 is the projection constructed through
twistor theory. This, jointly with the characterization of holomorphic vector bundles on P3
as a certain kind of monads due to Horrocks, led to a complete classification of instantons on
S4 (cf. [2], [1]).
Motivated by the previous theorem, the notion of a mathematical instanton bundle E
with charge c2(E) = k was defined on P
3 and more recently on an arbitrary Fano threefold
with Picard number one (cf. [13] and [17]). The existence of instanton bundles have been
proved for almost all Fano threefolds of Picard number one. It became a central problem
to understand the geometrical properties of their moduli spaces (smoothness, irreducibility,
rationality...). These objects are important on their own as well as for the fact that physicists
1
2 F. MALASPINA, S. MARCHESI AND J. PONS-LLOPIS
have interpreted various moduli spaces as solution spaces to physically interesting differential
equations.
In this paper we propose to extend the study of instanton bundles on other Fano threefolds
of higher Picard rank. In particular, we focus our attention to the case of the Flag variety
F := F (0, 1, 2) ⊂ P7 of pairs point–line in P2. The main reason for this choice is the following:
in [16], Hitchin showed that the only twistor spaces of four dimensional (real) differential
varieties which are Ka¨hler (and a fortiori, projective) are P3 and the flag variety F (0, 1, 2),
which is the twistor space of P2. Indeed, mathematical instanton bundles with charge one on
F (0, 1, 2) were studied in [6] and [11].
A instanton bundle E on F with charge k will be defined as a rank 2 µ-semistable vector
bundle with Chern classes c1(E) = 0 and c2(E) = kh1h2 verifying the ”instantonic condition”
H1(E(−1,−1)) = 0 (see Definition (3.3)).
Instanton bundles on F will turn out to be Gieseker semistable. Therefore it makes sense
to study the (coarse) moduli space of instanton bundles MIF (k) of charge k. For this, we
are going to rely on their presentation as the cohomology of a certain monad: recall that,
from [13], when the derived category of coherent sheaves on the Fano threefold X has a
full exceptional collection, instanton bundles on X have a particular nice presentation as
the cohomology of a certain monad. Since this is also the case for the Flag variety F we are
dealing with, we give two such presentations (linked by a commutative diagram, see Theorems
5.1 and 5.2 and compare with [6]):
Theorem 1. Let E be an instanton bundle with charge k on F , then, up to permutation, E
is the cohomology of the monad
(1) 0→ OF (−1, 0)
⊕k ⊕OF (0,−1)
⊕k α−→ G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k β−→ O⊕2k−2F → 0.
where Gi is the pull-back of the twisted cotagent bundle ΩP2(2) from the two natural projections
pi : F ⊂ P
2×P2 −→ P2. Conversely, the cohomology of any such monad gives a k-instanton.
To present the second monad let us introduce some notation. Let us denote by U =
H0(OF (1, 0)) the 3-dimensional vector space of global sections and observe U
∗ ∼= H0(OF (0, 1)).
LetW , I1 and I2 be vector spaces of dimension 4k+2, k and k respectively. Let J : W → W
∗
be a nondegenerate skew-symmetric form and denote by Sp(W,J) the symplectic group. As-
sociated to any map of vector bundles A : W ⊗ OF → (I1 ⊗ OF (1, 0)) ⊕ (I2 ⊗OF (0, 1)) we
have a matrix A ∈W ∗ ⊗ ((I1 ⊗ U)⊕ (I2 ⊗ U
∗)). Let us define:
Dk := {A ∈W
∗ ⊗ ((I1 ⊗ U)⊕ (I2 ⊗ U
∗)) | AJAt = 0},
and
D
0
k := {A ∈ Dk | A : W ⊗OF → (I1 ⊗OF (1, 0)) ⊕ (I2 ⊗OF (0, 1)) is surjective}
The group Gk := Sp(W,J)×GL(I1)×GL(I2) acts on Dk as follows: (η, g1, g2)A =
(
g1 0
0 g2
)
Aηt
and this action clearly descends to D0k. Then we have the following:
Theorem 2. Let E be a k-instanton bundle on the flag F . Then, E is the cohomology of a
self-dual monad
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(2)
0→ (I∗1⊗OF (−1, 0))⊕(I
∗
2⊗OF (0,−1))
JAt
−−→W⊗OF
A
−→ (I1⊗OF (1, 0))⊕(I2⊗OF (0, 1)) → 0.
and conversely, the cohomology of such a monad is a k-instanton. Therefore, the moduli
space MIF (k) is the geometric quotient D
0
k/Gk.
Concerning non-emptiness and main properties we managed to prove by induction the
following result (see Theorem 6.1):
Theorem 3. Let F ⊂ P7 be the flag variety. The moduli space of k-instanton bundles
MIF (k) has a generically smooth irreducible component of dimension 8k − 3. Moreover,
these instanton bundles have trivial splitting type on the generic conic and line (from both
families).
For an instanton bundle E on the projective space P3, the study of the behavior of the
restriction of E to the lines has played a crucial role. On the Flag threefold F , we have
realized that an analogous attention should be devoted to the study of the restriction of an
instanton bundle to the conics. Therefore, we give a proof of the fact that the Hilbert scheme
H := Hilb2t+1(F ) parameterizing rational curves of genus 0 and degree 2 is again isomorphic
to P2 × P2. Under this setting, if we denote by DE the set of curves on H for which the
restriction of E is not trivial (the ”jumping conics”), we obtain the following result (see Prop.
7.2):
Theorem 4. Let E be a k-instanton on F . Then DE is a divisor of type (k, k) equipped with
a torsion-free sheaf G fitting into
(3) 0→ OH(−1,−1)
⊕k ⊕OH(−1, 0)
⊕k → O⊕kH ⊕OH(−1, 0)
⊕k → i∗G→ 0.
This paper is organized in the following way: in the next section, we recall the definition
and basic facts of the flag variety F := F (0, 1, 2). In Section 2, we introduce the notion of
instanton bundle on F . In Sections 3 and 4, we study the derived category Db(F ) of coherent
sheaves on F and use it to give a monadic presentation of the instanton bundles. The central
part of this paper is Section 5, where we prove the existence of a suitable family of instantons
as stated in Theorem 1. Finally, in Section 6, we deal with the notion of jumping conic on
the flag variety.
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1. Preliminaries
We will work over an algebraically closed field K of characteristic zero.
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Let F ⊆ P7 be the del Pezzo threefold of degree 6, we can also construct F as the general
hyperplane section of P2 × P2. The projections pii induce maps pi : F → P
2 by restriction,
i = 1, 2 and such maps are isomorphic to the canonical map P(Ω1
P2
(2)) → P2. Thinking of
the second copy of P2 as the dual of the first one, then F can also be viewed naturally as the
flag variety of pairs point–line in P2. Let hi, i = 1, 2, be the classes of p
∗
iOP2(1) in A
1(F )
respectively. The class of the hyperplane divisor on F is h = h1+h2. For any coherent sheaf
E on F we are going to denote the twisted sheaf E ⊗ OF (αh1 + βh2) by E(αh1 + βh2) or by
E(α, β). As usual, H i(X, E) stands for the cohomology groups, hi(X, E) for their dimension
and analogously ext will denote the dimension of the considered Ext group.
The above discussion proves the isomorphisms
A(F ) ∼= A(P2)[h1]/(h
2
1 − h1h2 + h
2
2)
∼= Z[h1, h2]/(h
2
1 − h1h2 + h
2
2, h
3
1, h
3
2).
In particular, Pic(F ) ∼= Z⊕2 with generators h1 and h2.
We will now explicit some computations that will be useful throughout the paper.
We will always denote the Chern polynomial, for a given sheaf, that we will want to compute
with
1 + α1h1 + α2h2 + β1h
2
1 + β1h
2
2 + γh
2
1h2
In order to compute the Chern classes of the tautological sheaf of the conic on the flag variety,
we consider its defining exact sequence
OF (−1, 0)
0 −→ OF (−1,−1) −→ ⊕ −→ OF −→ OC −→ 0
OF (0,−1)
Let us split the previous one in short exact sequences and denote by K the only kernel
appearing.
We first compute ct(K) through the relation
ct(K) · ct(OF (−1,−1)) = ct(OF (−1, 0) ⊕OF (0,−1))
Explicitly
(1 + α1h1 + α2h2 + β1h
2
1 + β1h
2
2 + γh
2
1h2) · (1− (h1 + h2)) = (1− (h1 + h2) + h1h2)
and we get
α1h1 + α2h2 − h1 − h2 = −h1 − h2 → α1 = α2 = 0
β1h
2
1 + β2h
2
2 = h1h2 = h
2
1 + h
2
2 → β1 = β2 = 1
γh21h2 − h
2
1h
2 − h1h
2
2 = 0 → γ = 2
and now we use
ct(K) · ct(OC) = ct(OF )
Explicitly
(1 + α1h1 + α2h2 + β1h
2
1 + β1h
2
2 + γh
2
1h2) · (1 + h
2
1 + h
2
2 + 2h
2
1h2) = 1
and we get
α1h1 + α2h2 = 0 → α1 = α2 = 0
β1h
2
1 + β2h
2
2 + h
2
1 + h
2
2 = 0 → β1 = β2 = −1
γh21h2 + 2h
2
1h2 = 0 → γ = −2
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After that, we consider the sheaf OC(1), which will be the right candidate to use the induction
process explained in Section 6.3, which will ensure the existence of instanton bundles on the
flag variety for each charge. Its Chern polynomial is
ct(OC(1)) = 1− h1h2
and we can compute it in two ways. First, we can compute the Chern classes of the twisted
sheaf
c3(OC(1)) = c3(OC⊗OF (1, 0)) = c3(OC)−2h1c2(OC) = −2h
2
1h2−2h1(−h1h2) = −2h
2
1h2+2h
2
1h2 = 0
and nothing else being c1(OC) = 0.
We could also consider directly its resolution
OF (0, 0)
0 −→ OF (0,−1) −→ ⊕ −→ OF (1, 0) −→ OC(1) −→ 0
OF (1,−1)
and obtain the same result.
We now compute the Hirzebruch-Riemann-Roch formula for the flag variety.
Recall, that denoting by TF the tangent bundle of the flag, we have
c1(TF ) = 2(h1 + h2), c2(TF ) = 6h1h2
and we compute the Todd polynomial
td(TF ) = 1 +
1
2c1 +
1
12(c
2
1 + c2) +
1
24c1c2 =
= 1 + (h1 + h2) +
3
2h1h2 + 1︸︷︷︸
=h2
1
h2
Remembering that the Chern character is given by
ch(E) = r + c1 +
1
2
(c21 − 2c2) +
1
6
(c31 − 3c1c2 + 3c3)
we can finally obtain
(4) χ(E) = r +
3
2
c1h1h2 +
1
2
(c21 − 2c2)(h1 + h2) +
1
6
(c31 − 3c1c2 + 3c3)
We will use throughout this article the following rank two ACM bundles:
G1 = p
∗
1Ω
1
P2
(2h1) G2 = p
∗
2Ω
1
P2
(2h2).
We will now recall how to compute the cohomology of the line bundles on F (see [9]
Proposition 2.5):
Proposition 1.1. For each α1, α2 ∈ Z with α1 ≤ α2, we have
hi
(
F,OF (α1h1 + α2h2)
)
6= 0
if and only if
• i = 0 and α1 ≥ 0;
• i = 1 and α1 ≤ −2, α1 + α2 + 1 ≥ 0;
• i = 2 and α2 ≥ 0, α1 + α2 + 3 ≤ 0;
• i = 3 and α2 ≤ −2.
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In all these cases
hi
(
F,OF (α1h1 + α2h2)
)
= (−1)i
(α1 + 1)(α2 + 1)(α1 + α2 + 2)
2
.
Since
dim(Ext1(OF (0,−1),G1(−2, 0)) = dim(Ext
1(OF (−1, 0),G2(0,−2)) = 3,
we denote by G3 and G4 the rank 5 vector bundles arising from the extensions
(5) 0→ G1(−2, 0)→ G3 → OF (0,−1)
⊕3 → 0
and
(6) 0→ G2(0,−2)→ G4 → OF (−1, 0)
⊕3 → 0.
The latter extensions will be used in describing the bundle as the cohomology of a monad,
indeed they will appear in the exceptional collections used in the spectral sequence (see
Sections 4 and 5).
2. Hilbert scheme of lines and curves on the Flag variety
It could be thought that the study of the geometry of lines of the F will be important to
define and understand instanton bundles (like in P3). Recall that F contains two families of
lines Λ1,Λ2, each isomorphic to P
2. Their representatives in the Chern ring are h21, h
2
2. Notice
that if we look at F as the projective bundle P(Ω1
P2
(2)) → P2, these families correspond to
the fibers. We have a geometrical description (using the notion of flag variety): given p ∈ P2,
λp := {L ∈ P
2∨ | p ∈ L} ∈ Λ1. Analogously, given line L ⊂ P
2, λL := {x ∈ P
2 | x ∈ L} ∈ Λ2.
Notice λx ∩ λy = ∅ if x 6= y (clear from cohomological product h
2
1h
2
2 = 0) and λx ∩ λL = ∅
(resp. {x,L}) if x ∈ l (resp. x /∈ L).
Nevertheless, in the case of the flag variety, the main kind of rational curve we are interested
in is the conic. In fact, through the Ward correspondence, instanton bundles on F have trivial
splitting on ”real” conics (this is explained in [6] and [11] without explicitly mentioning the
degree) and therefore, by semicontinuity, on the general element of Hilb2t+1(F ).
Lemma 2.1. The Hilbert scheme of rational curves of degree two M := Hilb2t+1(F ) is
isomorphic to P2×P2. The open set P2×P2\F corresponds to smooth conics. Moreover, the
canonical map p : C → F from the universal conic C to F endows C with the structure of a
quadric bundle of relative dimension 2 over F .
Proof. Quadric surfaces Q ∼= P1 × P1 ⊂ P2 × P2 ⊂ P8 are parameterized again by a P2 × P2.
Indeed, in order to define a quadric, we need to choose a pair of lines (L1, L2) ∈ P
2∨×P2∨ ∼=
P
2 × P2. Q(L1,L2) := L1 × L2 ⊂ P
2 × P2 is the associated quadric. Now, it is immediate
to see that any quadric in P2 × P2 defines uniquely a conic C(L1,L2) := F ∩ Q(L1,L2) in the
hyperplane section F . Moreover, one can check that Q(L1,L2) is tangent to F (and therefore
C(L1,L2) is singular) if and only if (L1, L2) ∈ F ⊂ P
2 × P2. 
Remark 2.2. Indeed, it is known (see for instance [18, Lemma 2.1.1]) that any subscheme of
F with Hilbert polynomial 2t+ 2 will be a smooth conic, a pair of distinct lines intersecting
on a point, or a line with a double structure. In order to see that there is no such non-reduced
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subscheme on F we should observe that for any line L on F , we have NL|F ∼= O
2
L. Therefore
there is no surjective map N∨
L|F → OL(−1) and we conclude again by [18, Lemma 2.1.1].
Remark 2.3. An explicit parametrization of the conics is as follows, for (p, L) ∈ P2×P2∨\F ,
the subscheme of F:
C(p,L) := {(q, S) | L(q) = S(p) = 0}
is a smooth conic in F . Its class in the Chow ring is h1h2. On the other hand, if we choose a
point (p, l) ∈ F the associated curve C(p,l) will be the union of the lines Lp := {(p, S) | s(p) =
0} ∈ h1 and Ll := {(q, l) | l(q) = 0} ∈ h2 intersecting at the point (p, l).
One more argument to explain why the role of the line is taken over by conic in the flag is
the following
Proposition 2.4. Given any two points of F , there exists exactly one smooth conic passing
through them.
Proof. Given two points (pi, Li) ∈ F , i = 1, 2, if we define q := L1 ∩L2, S := p1, p2, the conic
C(q,S) meets the requirements. 
Remark 2.5. Notice that if we allow singular conics, two more cases appear.
3. Instantons. definition and first properties
In this section we will define what we will call an instanton bundle on the flag. Such
definition is given through requirements of cohomology vanishings, trivial splitting and fixed
Chern classes. As we will see in Section 5, such characterization does not lead to a linear
monad, i.e. a monad involving only the trivial, tautological and hyperplane bundles of the
flag.
Definition 3.1. For any integer k ≥ 1 we will call real instanton bundle with charge k a
rank two vector bundle E on F with H1(E(−1,−1)) = 0, c2(E) = kh1h2 and such that for
any real conic C ∈ Hilb2t+1(F ),
E|C ∼= OC ⊕OC .
Remark 3.2. As in the case of P3, real instanton bundles have been shown to be in one-to-one
correspondence with the antidual solutions of the YM equations over P2(C) (see [6],[11]).
Definition 3.3. For any integer k ≥ 1 we will call a mathematical instanton bundle with
charge k (or, for short, a k-instanton) a rank two µ-semistable bundle E on F with c1(E) =
(0, 0), c2(E) = kh1h2 and H
1(E(−1,−1)) = 0. Its Hilbert polynomial is
χ(E(t)) = (t+ 1)(2t2 + 4t+ 2(1 − k)).
Remark 3.4. • For Fano threefolds of Picard number one an analogous definition,
extending the case of the projective space P3, was given in [13] and [17]. In the case
of the flag variety F , however, we have to allow proper µ-semistable instanton bundles
to deal with the higher Picard number. We are going to characterize in a moment
the strictly µ-semistable instantons on F .
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• The presentation we gave of the Hilbert polynomial of E shows that χ(E(−1,−1)) = 0.
Indeed, using Serre’s duality, it holds H i(F, E(−1,−1)) = 0 for i = 0, . . . , 3.
• An easy but tedious computation shows that for rank two bundles on F with the
same Chern classes as the instanton bundles the notions of Gieseker (semi)stability
and Mumford-Takemoto (semi)stability coincide, so we are going to use both of them
indistinctly.
In order to check the (semi)-stability of rank 2 real instanton bundles, we are going to use
the following version of the Hoppe’s criterium (see [19]):
Lemma 3.5 (Hoppe’s criterium). A rank 2 vector bundle E on F with first Chern class
c1(E) = 0 is (semi)stable if and only if H
0(F, E(p, q)) = 0 for any p, q ∈ Z such that p+ q ≤
(<)0.
Lemma 3.6. A real instanton bundle on F is a mathematical instanton.
Proof. Let E be real instanton bundle on F . Since the condition about c1(E) = 0 is clearly
satisfied, let us show that E is µ-semistable, using the Hoppe’s criterium: if s ∈ H0(F, E(p, q))
with p + q < 0, for C ⊂ F an arbitrary real conic, s|C is a global section of E|C(p, q) ∼=
OC(p + q)
2, i.e., s|C = 0. Since F is covered by real conics we see that s should be the zero
section and therefore we are done.

Hence, we get the following characterization of the instanton bundles which are strictly
semistable.
Proposition 3.7. Let E be a k-instanton on F . Then, if E is not µ-stable, then k = l2 for
some l ∈ Z, l 6= 0 and it can be constructed as an extension Λl of the form
(7) 0→ OF (l,−l)→ E → OF (−l, l)→ 0.
In particular for any k-instanton E, H0(E) = 0. Finally, the only common element of the
two families of extensions Λl and Λ−l is the decomposable bundle OF (l,−l)⊕OF (−l, l).
Proof. Suppose that H0(F, E(l,−l)) 6= 0 for l ∈ Z. Therefore E lies on an exact sequence of
the form
0→ OF → E(l,−l)→ IY (2l,−2l)→ 0.
where Y ⊆ F . Given that H0(F, E(l − 1,−l)) = H0(F, E(l,−l − 1)) = 0, Y is purely 2-
codimensional or empty. In order to see that the we are actually dealing with the latter case,
notice that, since E is Gieseker semistable, we have
pOF (t) ≤ pE(l,−l)(t) ≤ pIY (2l,−2l)(t) = pOF (2l,−2l)(t)− pOY (2l,−2l)(t)
where p(t) stands for the Hilbert polynomial. But then
pOY (2l,−2l)(t) ≤ pOF (2l,−2l)(t)−pOF (t) = (t+1)(t+1+2l)(t+1−2l)−(t+1)
3 = −4l2(t+1) < 0 for t >> 0,
contradicting Serre’s theorem. Therefore Y = ∅, l 6= 0 and E is an extension of the desired
form.
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To prove the last assertion, let us suppose that there exists a l2-instanton E that fits at
the same time in the extensions Λl and Λ−l. Then easily we could construct maps:
O(−l, l)⊕O(l,−l)
(αβ)
−→ E
(δγ)
−→ O(−l, l)⊕O(l,−l)
such that
(
δ
γ
)
(αβ) =
(
Id 0
0 Id
)
and therefore E ∼= OF (l,−l)⊕OF (−l, l).

Lemma 3.8. Any k-instanton E vector bundle on F distinct from OF (l,−l) ⊕ OF (−l, l)
is simple, namely, End(E) = C. In particular, they carry an unique symplectic structure
φ : E → E∨, φ∨ = −φ.
Proof. Since it is well-known that stable vector bundles are simple, let E be an strictly
semistable instanton, E ∼= OF (l,−l) ⊕ OF (−l, l). Then it fits in an exact sequence of the
form Λl for a unique 0 6= l ∈ Z. Tensoring it with E and using that we have just seen that
h0(F, E(−l, l)) = 1 and h0(F, E(l,−l)) = 0 we get, since E ∼= E∨, End(E) = H0(F, E ⊗E) = C.
For the last statement, any nonzero two-form ω ∈
∧2 E ∼= O defines equivalent symplectic
structures on E . 
We are going to conclude this section showing that instanton bundles have trivial splitting
type on conics:
Proposition 3.9. Let E be a k-instanton on F . Then for a general conic C ∈ Hilb2t+1(F ),
EC ∼= O
2
C .
Proof. We are going to use the main result from [15]. Since the three hypothesis of the main
Theorem from that paper are satisfied, we can conclude that for a general (smooth) conic
C ∈ Hilb2t+1(F ), if EC ∼= OC(−i) ⊕ OC(i) then 2i ≤ −µmin(TC|F | C) where TC|F is the
relative tangent bundle of the canonical projection p : C → F and µmin is the minimal slope
of the Harder-Narasimhan filtration of its restriction to C. This bundle fits into the exact
sequence:
(8) 0 −→ TC|F −→ TC −→ p
∗TF −→ 0.
On the other hand, the exact sequence defining the normal bundle NC|(F×M) restricted to
C:
0 −→ TC | C −→ T(F×M) | C ∼= O
4
C ⊕OC(1)
2OC(2) −→ NC|(F×M) | C ∼= OC(1)
2 −→ 0.
provides TC | C ∼= O
4
C⊕O(2). Moreover, TF | C
∼= OC(1)
2⊕OC(2). If we plug this information
into the restriction to C of the exact sequence (8), we obtain TC|F | C ∼= OC(−1)
2, namely
i = 0 and C has trivial splitting type.

4. The derived category of the flag variety F = F (0, 1, 2)
In this section we will recall how to mutate exceptional collections and the Beilinson results,
both needed to see the instanton bundles as cohomology of a monad.
Given a smooth projective variety X, let Db(X) be the the bounded derived category of
coherent sheaves on X. An object E ∈ Db(X) is called exceptional if Ext•(E,E) = C. A
set of exceptional objects E1, . . . , En is called an exceptional collection if Ext
•(Ei, Ej) = 0
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for i > j. An exceptional collection is full when Ext•(Ei, A) = 0 for all i implies A = 0, or
equivalently when Ext•(A,Ei) = 0 for all i does.
Definition 4.1. Let E be an exceptional object in Db(X). Then there are functors LE and
RE fitting in distinguished triangles
LE(T )→ Ext
•(E,T ) ⊗E → T → LE(T )[1]
RE(T )[−1]→ T → Ext
•(T,E)∗ ⊗ E → RE(T )
The functors LE and RE are called respectively the left and right mutation functor.
The collections given by
E∨i = LE0LE1 . . .LEn−i−1En−i;
∨Ei = REnREn−1 . . .REn−i+1En−i,
are again full and exceptional and are called the right and left dual collections. The dual
collections are characterized by the following property; see [14, Section 2.6].
(9) Extk(∨Ei, Ej) = Ext
k(Ei, E
∨
j ) =
{
C if i+ j = n and i = k
0 otherwise
Theorem 4.2 (Beilinson spectral sequence). Let X be a smooth projective variety and with
a full exceptional collection 〈E0, . . . , En〉 of objects for D
b(X). Then for any A in Db(X)
there is a spectral sequence with the E1-term
Ep,q1 =
⊕
r+s=q
Extn+r(En−p, A)⊗H
s(E∨p )
which is functorial in A and converges to Hp+q(A).
The statement and proof of Theorem 4.2 can be found both in [22, Corollary 3.3.2], in [14,
Section 2.7.3] and in [4, Theorem 2.1.14].
Let us assume next that the full exceptional collection 〈E0, . . . , En〉 contains only pure
objects of type Ei = E
∗
i [−ki] with Ei a vector bundle for each i, and moreover the right dual
collection 〈E∨0 , . . . , E
∨
n 〉 consists of coherent sheaves. Then the Beilinson spectral sequence is
much simpler since
Ep,q1 = Ext
n+q(En−p, A)⊗ E
∨
p = H
n+q+kn−p(En−p ⊗A)⊗ E
∨
p .
Note however that the grading in this spectral sequence applied for the projective space
is slightly different from the grading of the usual Beilison spectral sequence, due to the
existence of shifts by n in the index p, q. Indeed, the E1-terms of the usual spectral sequence
are Hq(A(p)) ⊗ Ω−p(−p) which are zero for positive p. To restore the order, one needs to
change slightly the gradings of the spectral sequence from Theorem 4.2. If we replace, in the
expression
Eu,v1 = Ext
v(E−u, A)⊗ E
∨
n+u = H
v+k−u(E−u ⊗A)⊗F−u
u = −n + p and v = n + q so that the fourth quadrant is mapped to the second quadrant,
we obtain the following version of the Beilinson spectral sequence:
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Theorem 4.3. Let X be a smooth projective variety with a full exceptional collection 〈E0, . . . , En〉
where Ei = E
∗
i [−ki] with each Ei a vector bundle and (k0, . . . , kn) ∈ Z
⊕n+1 such that there
exists a sequence 〈Fn = Fn, . . . , F0 = F0〉 of vector bundles satisfying
(10) Extk(Ei, Fj) = H
k+ki(Ei ⊗Fj) =
{
C if i = j = k
0 otherwise
i.e. the collection 〈Fn, . . . , F0〉 labelled in the reverse order is the right dual collection of
〈E0, . . . , En〉. Then for any coherent sheaf A on X there is a spectral sequence in the square
−n ≤ p ≤ 0, 0 ≤ q ≤ n with the E1-term
Ep,q1 = Ext
q(E−p, A) ⊗ F−p = H
q+k−p(E−p ⊗A)⊗F−p
which is functorial in A and converges to
(11) Ep,q∞ =
{
A if p+ q = 0
0 otherwise.
Let us focus on our case. We can define the flag as F = P(ΩP2(1)) and we also may consider
F as hyperplane section of P2 × P2. Consider the exceptional collection
{OF (−2,−2),OF (−2,−1),OF (−1,−2),OF (−2, 0),OF (0,−2),OF (−1,−1),OF (−1, 0),OF (0,−1),OF }
generating the derived category of P2×P2, therefore, the derived category of the flag variety
can be generated by the exceptional collection
{OF (−2, 0),OF (0,−2),OF (−1,−1),OF (−1, 0),OF (0,−1),OF }
After two left mutations, we can obtain
{OF (−1,−1)[−2],OF (−2, 0),OF (0,−2),OF (−1, 0),OF (0,−1),OF }
After a few other mutations we get
(12) {OF (−1,−1)[−2],G2(−1,−1)[−2],G1(−1,−1)[−1],OF (−1, 0)[−1],OF (0,−1),OF }
and by a another left mutation we obtain
{OF (−1,−1)[−2],G2(−1,−1)[−2],G1(−1,−1)[−1],OF (−1, 0)[−1],G2(0,−2),OF (0,−1)}.
Now we consider the pair OF (−1, 0)[−1],G2(0,−2), from
LOF (−1,0)[−1](G2(0,−2))→ Ext
•(OF (−1, 0)[−1],G2(0,−2)) ⊗OF (−1, 0)[−1]→
→ G2(0,−2)→ LOF (−1,0)[−1](G2(0,−2))[1]
we get
0→ G2(0,−2)→ LOF (−1,0)[−1](G2(0,−2))[1] → Ext
1(OF (−1, 0),G2(0,−2)) ⊗OF (−1, 0)→ 0
and from (6) we obtain
LOF (−1,0)[−1](G2(0,−2)) = G4[−1].
Hence we have the following exceptional collection
(13) {OF (−1,−1)[−2],G2(−1,−1)[−2],G1(−1,−1)[−1],G4[−1]OF (−1, 0)[−1],OF (0,−1)}
which will be the one considered in Theorem 5.2.
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5. Monads on the flag variety F = F (0, 1, 2)
In this section we use the Beilinson Theorem in order to characterize the instanton bundles
as the cohomology of two different monads, describe the relation between them and use it to
give a presentation of the moduli space MIF (k) as a GIT-quotient.
Theorem 5.1. Let E be an instanton bundle with charge k on F , then, up to permutation,
E is the homology of a monad
(14) 0→ OF (−1, 0)
⊕k ⊕OF (0,−1)
⊕k α−→ G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k β−→ O⊕2k−2F → 0,
Proof. We construct a Beilinson complex quasi-isomorphic to E as in Theorem 4.3 from (12)
by calculating H i(E ⊗ Ej)⊗ Fj , with i, j ∈ {0, 1, 2, 3, 4, 5} with
E5 = OF (−1,−1)[−2], E4 = G2(−1,−1)[−2], E3 = G1(−1,−1)[−1],
E2 = OF (−1, 0)[−1], E1 = OF (0,−1), E0 = OF
and
F0 = OF , F1 = G2(0,−1), F2 = G1(−1, 0), F3 = OF (0,−1), F4 = OF (−1, 0), F5 = OF (−1,−1)
Let us notice that the cohomological properties in (10) are satisfied, therefore, our goal is to
find all possible information on the following table
H3 H3 0 0 0 0
H2 H2 H3 H3 0 0
H1 H1 H2 H2 H3 H3
H0 H0 H1 H1 H2 H2
0 0 H0 H0 H1 H1
0 0 0 0 H0 H0
E(−1,−1) E ⊗ G2(−1,−1) E ⊗ G1(−1,−1) E(−1, 0) E(0,−1) E
From the cohomological hypothesis it is straightforward to compute that H i(E(−1,−1)) =
0, for i = 0, 1, 2, 3.
Considering the short exact sequences
0 −→ E ⊗ G1(−1,−1) −→ E(0,−1)
3 −→ E(1,−1) −→ 0
and
0 −→ E(−2,−1) −→ E(−1,−1)3 −→ E ⊗ G1(−1,−1) −→ 0
we obtain directly
H0(E ⊗ G1(−1,−1)) = H
3(E ⊗ G1(−1,−1)) = 0,
moreover, H2(E ⊗ G1(−1,−1)) ≃ H
3(E(−2,−1)) ≃ H0(E(0,−1)) = 0, hence we only need to
compute
H1(E ⊗ G1(−1,−1)) ≃ H
2(E(−2,−1)) ≃ H1(E(0,−1)).
Using (4) to compute the Euler characteristic, we get
−h1(E(0,−1)) = χ(E(0,−1)) = 2 +
1
6
(6k) +
1
2
(2− 4k) +
1
12
(−36) = −k.
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In the same way, we obtain that
hi(E ⊗ G2(−1,−1)) =
{
k if i = 1,
0 if i = 0, 2, 3.
Using the previous computation, we also get that
hi(E(0,−1)) = hi(E(−1, 0)) =
{
k if i = 1,
0 if i = 0, 2, 3.
Considering the short exact sequence
0 −→ E(−2,−2) −→ E ⊗ G1(−3,−1) −→ E(−3, 0) −→ 0
and
0 −→ E ⊗ G1(−3,−1) −→ E(−2,−1) −→ E(−1,−1) −→ 0
we can calculate H1(E ⊗ G1(−3,−1)) ≃ H
1(E(−2,−2) ≃ H2(E) = 0. Moreover
−h1(E) = χ(E) = 2− 2k.
Finally, the vanishing H0(E) = 0 implies H3(E) = 0.
Due to all previous computations, the cohomology table becomes
0 0 0 0 0 0
0 0 0 0 0 0
0 k 0 0 0 0
0 0 k k 0 0
0 0 0 0 k 2k − 2
0 0 0 0 0 0
E(−1,−1) E ⊗ G2(−1,−1) E ⊗ G1(−1,−1) E(−1, 0) E(0,−1) E
proving the result. 
Let us give a second description on an instanton bundles through a monad which indeed,
will be used for the presentation of the moduli space MIF (k)). Later, we will explicit the
relation between the two monads.
Theorem 5.2. Let E instanton bundle with charge k on X, then, up to permutation, E is
the cohomology of a monad
(15) 0→ OF (0,−1)
⊕k ⊕OF (−1, 0)
⊕k α−→ O⊕4k+2
β
−→ OF (1, 0)
⊕k ⊕OF (0, 1)
⊕k → 0.
Moreover, the monad obtained is self-dual, i.e. it is possible to find a non degenerate sym-
plectic form q : W → W ∗, with W a (4k + 2)-dimensional vector space describing the copies
of the trivial bundle in the monad, such that β = α∨ ◦ (q ⊗ idOF ).
Proof. We construct a Beilinson complex quasi-isomorphic to E , by calculatingH i(E⊗Ej)⊗Fj
as in Theorem 4.3 from (13), with i, j ∈ {0, 1, 2, 3, 4, 5}, where
E5 = OF (−1,−1)[−2], E4 = G2(−1,−1)[−2], E3 = G1(−1,−1)[−1],
E2 = G4[−1], E1 = OF (0,−1)[−1], E0 = OF (−1, 0),
and
F0 = OF (1, 0), F1 = OF (0, 1), F2 = OF , F3 = OF (0,−1), F4 = OF (−1, 0), F5 = OF (−1,−1).
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We have computed, from the previous result, all the entries of the cohomology table except
one column, hence we already have the following:
0 0 0 0 0 0
0 0 0 H3 0 0
0 k 0 H2 0 0
0 0 k H1 k 0
0 0 0 H0 0 k
0 0 0 0 0 0
E(−1,−1) E ⊗ G2(−1,−1) E ⊗ G1(−1,−1) E ⊗ G4 E(0,−1) E(−1, 0)
Since
χ(E ⊗ G2(0,−2)) = χ(E(0,−1)
⊕3)− χ(E) = −3k + 2k − 2 = −2− k
and by the sequence (6) tensored by E we have
χ(E ⊗ G4) = χ(E(−1, 0)
⊕3) + χ(E ⊗ G2(0,−2)) = −3k − 2− k = −4k − 2.
This means that H i(E ⊗ G4) = 0 for i 6= 1 and we obtain
0 0 0 0 0 0
0 0 0 0 0 0
0 k 0 0 0 0
0 0 k 4k + 2 k 0
0 0 0 0 0 k
0 0 0 0 0 0
E(−1,−1) E ⊗ G2(−1,−1) E ⊗ G1(−1,−1) E ⊗ G4 E(0,−1) E(−1, 0)
getting the desired monad.
From previous computations in cohomology, we know thatH1(E⊗G1(−1,−1)) ≃ H
1(E(0,−1))∗
and analogously H1(E ⊗ G2(−1,−1)) ≃ H
1(E(−1, 0))∗. Denote by I1 the vector space of the
first isomorphism and by I2 the vector space of the second one, and denote by W the coho-
mology group H1(E ⊗ G4).
The vector bundles in the obtained monad satisfy the required cohomological conditions in
order to have a bijection between homomorphism of monads and the induced homomorphism
in the cohomology bundles (see for example Lemma 4.1.3 in [21]). Recalling the E carries a
unique symplectic structure, a consequence of the cited result gives us two isomorphisms
q¯ : W ⊗OF → W
∗ ⊗OF
and
h : (I1 ⊗OF (1, 0)) ⊕ (I2 ⊗OF (0, 1))→ (I1 ⊗OF (1, 0)) ⊕ (I2 ⊗OF (0, 1))
such that
q∨ = −q and h ◦ β = α∨ ◦ q.
This implies that the monad (15) is self-dual, therefore we have that β = α∨ ◦ (q⊗ idOF ). 
Remark 5.3. If k = 1 the instanton bundle E twisted by OF (1, 1) is an Ulrich bundle
with c1(E(1, 1)) = (2, 2) and c2(E(1, 1)) = 4h1h2 which is µ-stable unless E arises (up to
permutation) from an extension
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0→ OF (1,−1)→ E → OF (−1, 1)→ 0,
see [9]. Moreover since E(1, 1) is Ulrich on a Del Pezzo Threefold, hence, by [8], we get
Ext2(E , E) = 0.
Remark 5.4. As for the instanton bundles on the projective space, the two monads defining
instanton bundles on the flag variety are extremely related. Indeed, let us describe the monad
defined in Theorem 5.2 with the short exact sequences
(16)
0 −→ K −→ O4k+2 −→ O(1, 0)⊕k ⊕O(0, 1)⊕k −→ 0
0 −→ O(−1, 0)k ⊕O(0,−1)k −→ K −→ E −→ 0
The first sequence fits in the following commutative diagram
0

0

0

0 // K

// O⊕4k+2

β
// O(1, 0)⊕k ⊕O(0, 1)⊕k //

0
0 // G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k

// O⊕6k

β′
// O(1, 0)⊕k ⊕O(0, 1)⊕k //

0
0 // O⊕2k−2

// O⊕2k−2

// 0
0 0
indeed, we can complete the matrix representing β with columns of the required forms of
degree 1 in either the xi’s or yi’s, in order to keep ker β
′ with no global sections. Starting
from this diagram, it is possible to induce the following one
0

0

0

0 // O(−1, 0)⊕k ⊕O(0,−1)⊕k //

K //

E //

0
0 // O(−1, 0)⊕k ⊕O(0,−1)⊕k //

G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k //

C //

0
0 // O⊕2k−2 //

O⊕2k−2 //

0
0 0
which can be seen as the display of the monad defined in Theorem 5.1.
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Remark 5.5. The definition of the instanton bundle through the presented monads implies
the cohomological conditions asked for a mathematical instanton bundle, i.e. the two def-
inition are equivalent. Indeed, considering the display of the monad described in (16) and
the cohomology group dimensions given in Proposition 1.1, we compute H0(OF (0,−1)) =
H0(OF (0,−1)) = H
1(OF (−1,−1)), which imply the vanishing of H
1(K(−1,−1)), that, com-
bined with H2(OF (−2,−1)) = H
2(OF (−1,−2)) = 0, gives us that H
1(E(−1,−1)) = 0.
Moreover, for each pair (p, q) such that p+ q < 0, we get H0(OF (p, q)) = H
1(OF (p− 1, q)) =
H1(OF (p, q − 1)) = 0, which implies H
0(E(p, q)) = 0, hence the semistability of the bundle
E .
The previous presentation allows us to prove the following result (compare with [10, Section
2]
Theorem 5.6. The moduli space MIF (k) is the GIT quotient D
0
k/Gk. It is a geometric
quotient.
Proof. We just saw that isomorphic classes of instanton bundles are in one-to-one correspon-
dence withGk-orbits inD
0
k. Moreover, their isotropic group is Λ := ±(idSp(W,J), idGL(I1), idGL(I2))).
Therefore, Gk/Λ acts freely on D
0
k and in particular all orbits are closed:D
0
k → D
0
k/(Gk/Λ)
is a geometric quotient. 
In general, it is a challenging question to know whether a given moduli space is an affine
variety. For the case of instanton bundles on P2n+1 a positive answer was given in [10].
Following [10], we are going to call a matrix At ∈ Hom((U⊗I∗1 )⊕(U
∗⊗I∗2 ),W ) degenerate
if there exists u1 ∈ U , u2 ∈ U
∗, such that u2(u1) = 0 and such that the induced linear
map At((− ⊗ u1) ⊕ (− ⊗ u2)) : I
∗
1 ⊕ I
∗
2 → W is non-injective. It is straighforward to
show that A ∈ W ∗ ⊗ ((I1 ⊗ U) ⊕ (I2 ⊗ U
∗)) defines a surjective map if and only if At is
nondegenerate. Therefore we can conclude that D0k = {A ∈ Dk | A
t is nondegenerate}.
With these ingredients we are able to prove:
Proposition 5.7. MIF (1) is an affine variety.
Proof. Notice that in this case, the map A : W ⊗ OF → (I1 ⊗ OF (1, 0)) ⊕ (I2 ⊗ OF (0, 1))
becomes, at the level of global sections, a square (6×6)-matrix associated to the map H0(A) :
W → U ⊕ U∗. Let us denote by D(A) the usual determinant of this map. Notice that D is
Gk ×GL(U)-invariant. Let us show that, for A ∈ D1, A ∈ D
0
1 if and only if D(A) 6= 0.
First, obviously if A is degenerate, then D(A) = 0. Reciprocally, if A ∈ D01 A is defining an
instanton bundle E with associated first exact sequence at the display
0→ OF (−1, 0) ⊕OF (0,−1)→ E → K → 0,
we obtain that H0(K) = H0(E) = 0 and therefore, taking global sections at the second exact
sequence
0→ H0(K) = 0→ H0(O6F )
∼= C6
H0(A)
→ H0(OF (1, 0) ⊕OF (0, 1)) ∼= C
6 → 0,
we obtain H0(A) injective and D(A) 6= 0.
Therefore, we obtain that D01 = {A ∈ D1 | D(A) 6= 0} is an affine variety Spec(A).
Therefore, by a Theorem by Hilbert-Nagata, MIF (1) = D
0
1/Gk = Spec(A
Gk) is also affine.

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Conjecture 5.8. MIF (k) is affine for any k.
6. Construction of instantons
In this section we will construct, through an induction process, stable k-instanton bundles
on the flag variety for each charge k. More concretely, we are going to prove the following
Theorem 6.1. Let F ⊂ P7 be the flag variety. The moduli space of stable k-instanton bundles
MIF (k) has a generically smooth irreducible component of dimension 8k−3. Moreover, these
instanton bundles have trivial splitting type on the generic conic and line (from both families).
We will start describing completely the case of charge 1 that is the base case for the induc-
tion. We give two approaches to this case: first we give a complete explicit characterization
in terms of the monad defining them. Next, we give a more abstract construction using Serre
correspondence. Finally, we take care of the induction step.
6.1. Base case of induction. Let us consider the case of charge 1, i.e. a vector bundle
which is cohomology of the monad
OF (−1, 0) ⊕OF (0,−1)
A
−→ O6F
B
−→ OF (1, 0) ⊕OF (0, 1)
The matrix B, up to a change of coordinates and action of the linear groups involved in the
monad, is of the form [
x0 x1 x2 0 0 0
0 0 0 y0 y1 y2
]
where we can use the coordinates (x0 : x1 : x2)× (y0 : y1 : y2) of the product P
2×P2. Notice
that we can think the entries of the matrix in such coordinates, we just need to consider that
they satisfy the equation defining the flag variety, which we can suppose to be of the form
x0y0 + x1y1 + x2y2 = 0.
This means that kerB ≃ G1(−1, 0)⊕G2(0,−1), and necessarily, the other matrix is of the
form
A =


f1 γy0
f2 γy1
f3 γy2
δx0 g1
δx1 g2
δx2 g3


where (f1 f2 f3)
t and (g1 g2 g3)
t are syzygies of, respectively, (x0 x1 x2) and (y0 y1 y2),
and γ, δ ∈ C. Notice that it completely agrees with the fact that the family of charge 1
instanton is 5-dimensional; indeed, each of the two syzygies is 3-dimensional as vector space,
and we still have to apply the action of the 2-dimensional linear group of the automorphisms
of OF (−1, 0)⊕OF (0,−1).
The charge 1 instanton bundles E restrict trivially on the generic conic and for the generic
line for each of the two families. Moreover, we have Ext2(E , E) = 0, because they are Ulrich if
stable. Therefore, we obtained the perfect candidate to start the induction process described
in the next section. Furthermore, the following result characterizes the semistable case.
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Proposition 6.2. Let E be a charge 1 instanton on the flag variety. Then the bundle is
semistable if and only if at least one of two syzygies is zero. Moreover, it splits as E ≃
OF (−1, 1) ⊕OF (1,−1) if and only if both fi’s and gi’s are zero.
Remark 6.3. Vanishing either the fi’s or the gi’s corresponds with the choice of one of two
possible families given by the extension, i.e.
(17)
0 −→ OF (1,−1) −→ E −→ OF (−1, 1) −→ 0
0 −→ OF (−1, 1) −→ E −→ OF (1,−1) −→ 0
Proof. Let us recall the short exact sequences
(18)
0 −→ OF (−1, 0) −→ G2(0,−1) −→ OF (1,−1) −→ 0
0 −→ OF (0,−1) −→ G1(−1, 0) −→ OF (−1, 1) −→ 0
Also recall that we have already proven that E is semistable if only if it is one of the extensions
described in (17). Consider the first one; it occurs if and only E fits in the following diagram
0

0

0

0 // OF (−1, 0) //

G2(0,−1)

// OF (1,−1) //

0
0 // OF (−1, 0) ⊕OF (0,−1) //

G1(−1, 0) ⊕ G2(0,−1) //

E //

0
0 // OF (0,−1) //

G1(−1, 0) //

OF (−1, 1) //

0
0 0 0
We have the previous commutative diagram if and only if the syzygy given by (g1 g2 g3) is
equal to zero.
Analogously, the other extension appear if and only if the syzygy given by (f1 f2 f3) is
equal to zero.
Finally, it comes directly from the previous diagram that E splits as O(1,−1) ⊕O(−1, 1)
if and only if both syzygies vanish. 
Example 6.4. We show a specific example of instanton of charge 2, which we will know to
be stable because its second Chern class is not a perfect square (see Proposition 7). Indeed,
consider the monad
OF (−1, 0)
⊕2 ⊕OF (0,−1)
⊕2 A−→ O⊕10F
B
−→ OF (1, 0)
⊕2 ⊕OF (0, 1)
⊕2
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with the matrices defining the maps are given by
A =


−y0 0 −x0 − x2 0
−y1 0 −x2 −x0
0 0 0 −x2
y0 y2 0 −x1
y2 y0 0 0
y0 + y1 y2 0 −x1
0 y1 0 0
y1 0 0 x0
0 0 x0 x1
−y2 0 x0 + x1 0


B =


x0 x1 0 0 0 0 0 0 x0 x2
0 x0 x1 0 0 0 0 x0 x2 0
0 0 −y2 −y1 0 0 y2 y0 0 0
0 0 0 −y2 −y1 y2 y0 0 0 0


As in the previous case, we denote by (x0 : x1 : x2) × (y0 : y1 : y2) the coordinates of the
product P2 × P2, keeping in mind that they satisfy the equation x0y0 + x1y1 + x2y2 = 0 of
the flag variety.
6.2. Alternative proof of the existence of 1-instantons. In this section, using Serre
correspondence, we are going to show the existence of stable 1-instanton bundles with trivial
splitting type on the general line from both families. The proof will be very similar to the
one given on [13].
Theorem 6.5. Let F be the flag variety. Then there exists a family of dimension 5 of stable
1-instantons E on F . Moreover, they have trivial splitting type on the generic conic and line
(from both families). Indeed, E(1) are Ulrich bundles on F .
Proof. Let us consider S a hyperplane section of F . S is a del Pezzo surface of degree 6
embedded by the anticanonical line bundle HF|S := −KS . Therefore, S can be seen as the
blow-up at three generic points of P2. Using standard terminology, −KS = 3h− e1 − e2 − e3
where l denotes the pullback of the class of a line in P2 and ei are the exceptional divisors.
Let us consider a general curve C of class 3l − e1. It is a smooth elliptic curve of degree 8.
using the short exact sequence that relates the normal bundles:
0 −→ NC,S −→ NC,F −→ NS,F |C −→ 0
we obtain
0 −→ OC(C) −→ NC,F −→ OC(HC) −→ 0.
By easy Riemann-Roch computations, we obtain h0(NC,F ) = 16 and h
1(NC,F ) = 0. De-
formations theory tells us that the Hilbert scheme Hilb8t(F ) of curves on F with Hilbert
polynomial p(t) := 8t is smooth of dimension 16 at the point [C].
Take a general deformation D of C. It will be a smooth non-degenerate elliptic curve with
Chern class [D] = 4h1h2 ∈ A
∗(F ). Now, a non-zero element of
Ext1(ID|F (2, 2),OF ) = Ext
1(ID|F , ωF ) = H
1(ωD) = C
provides, through Serre correspondence, an unique extension
(19) 0 −→ OF −→ G −→ ID|F (2, 2) −→ 0.
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Let us show that G is an Ulrich sheaf, using its characterization by the minimal OP7-
resolution (see [12, Prop. 2.1]). In order to do this, we will use that, being F and D
quasi-minimal varieties on P7, we know their minimal OP7-resolution. Indeed,
0 −→ OP7(−6) −→ OP7(−4)
9 −→ OP7(−3)
16 −→ OP7(−2)
9 −→ OP7 −→ OF −→ 0,
and
0 −→ OP7(−8) −→ OP7(−6)
20 −→ OP7(−5)
64 −→ OP7(−4)
90 −→ OP7(−3)
64 −→
−→ OP7(−2)
20 −→ OP7 −→ OD −→ 0.
Applying the Mapping cone Theorem to the short exact sequence (which is exact due to F
being aCM):
0 −→ IF |P7 −→ ID|P7 −→ ID|F −→ 0
we obtain the resolution of ID|F :
0 −→ OP7(−8) −→ OP7(−6)
21 −→ OP7(−5)
64 −→ OP7(−4)
81 −→ OP7(−3)
48 −→
−→ OP7(−2)
11 −→ ID|F −→ 0.
Finally, applying the horseshoe Lemma to (19), G has a linear OP7-resolution
0 −→ OP7(−4)
12 −→ OP7(−3)
48 −→ OP7(−2)
72 −→ OP7(−1)
48 −→
−→ O12
P7
−→ G −→ 0,
namely G is an Ulrich rank 2 bundle on F with Chern classes c1(G) = 2h1+2h2 and c2(G) =
4h1h2. Now, if we define E := G(−1), E is an 1-instanton bundle on F . Let us know show that
E sits on a generically smooth component of MI(1) of dimension 5. Namely, we compute the
dimensions exti(E , E)(= hi(E ⊗ E) thanks to E∨ ∼= E). For this, tensoring the exact sequence
(19) twisted by OF (−1,−1) with E and considering the cohomology vanishings of an Ulrich
bundles, we get hi(E ⊗ E) = hi(E ⊗ ID|F (1, 1)). On the other hand, from
0 −→ E ⊗ ID|F (1, 1) −→ E(1, 1) −→ E ⊗OD(1, 1) −→ 0
we get h2(E ⊗ ID|F (1, 1)) = h
1(E ⊗ OD(1, 1)). But E ⊗ OD(1, 1) ∼= ND,F and D, being a
general deformation of C, verifies h1(ND,F = 0 and h
0(ND,F ) = 16 from where we obtain the
result.
Let us observe that, alternatively, the dimension of the component of MI(1) where E sits
could have also been computed using that, through Serre correspondence, there is a bijection,
at least locally, between pairs (E(1), s) -where E(1) is an Ulrich bundle and s ∈ P(H0(E(1)))
is a global section- and elliptic normal curves D ⊂ F . Therefore, since h0(E(1)) = 12 and
Hilb8t(F ) has dimension 16 at D, we get that the dimension of the considered component of
MI(1) is 5.
We know that Ulrich bundles are semistable (see [7]). Let us now show that the generic
Ulrich bundle constructed above is stable: otherwise, by Hoppe’s criterium, it would fit in a
short exact sequence of the form:
0 −→ OF (l,−l) −→ E −→ OF (−l, l) −→ 0
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with l ∈ Z. Comparing Chern classes, it turns out that l ∈ {1,−1}. But properly semistable
bundles sitting on one of these two exact sequences form families of dimension 2, from the
easy calculation ext1(OF (1,−1),OF (−1, 1)) = h
1(OF (−2, 2)) = 3.
It only remains to prove the trivial splitting type with respect to lines and conics on F .
Let us start with the conic case. For this, let us consider a generic conic A with class l − e1
on the del Pezzo surface S. It will cut C on two points {x, y}. Tensoring the short exact
sequence
0 −→ IC|F (1, 1) −→ OF (1, 1) −→ OC(1, 1) −→ 0
by OA we see that IC|F (1, 1) ⊗ OA ∼= OA ⊕ O{x,y}. Tensoring again (19) by OA(−1,−1)
we get a surjection E|A to OA ⊕ O{x,y}. Therefore, the only possibility is E|A ∼= O
2
A. So,
by semicontinuity, the same will be true for the 1-instanton bundle associated to a generic
deformation D of C inside Hilb8t(F ).
For the case of a general line L on any of the two families P2, we should to change slightly
the argument: in this case, we start with a smooth elliptic curve C of degree 8 on the del
Pezzo S from the linear system 5l − 3e1 − 2e2 − 2e3. Now, the line L with class l − e2 − e3
will cut C on a single point x and therefore IC|F (1, 1)⊗OL ∼= OL ⊕O{x}. Now the previous
argument tells us that E|L ∼= O
2
L. Notice that, fixed the line L on S, we have freedom on the
choice of the presentation of S as a blow-up to assure that L has class l− e2− e3. Therefore,
this argument covers both families of lines on F .

6.3. The induction step. Let us start considering an instanton bundle E on the flag variety
with c2(E) = kh1h2 and c1(E) = c3(E) = 0, stable and satisfying h
2(E ⊗ E) = 0. We also
suppose it to have trivial restriction on the generic conic and the generic line for each of the
two families, i.e.
E|C ≃ O
⊕2
C E|L1 ≃ O
⊕2
L1
E|L2 ≃ O
⊕2
L2
where we denote respectively by L1 and L2 the generic line of the first and the second family.
Our first step is given considering the following short exact sequence
(20) 0 −→ F −→ E −→ OL1 −→ 0
which gives us a torsion free sheaf F with c2(F) = (k + 1)h
2
1 + kh2, c1(F) = c3(F) = 0 and
H1(F(−1,−1)) = 0. Moreover for the generic conic C in the flag variety, we have trivial
restrictions, i.e. F|C ≃ E|C ≃ O
⊕2
C . The same happens for the generic lines L1 and L2.
Applying Hom(−,F) and Hom(E ,−) to (20), we obtain Ext2(F ,F) = 0.
We want to prove that F can be deformed to a vector bundle. We will denote such
deformation by F˜ . All the required cohomological properties for the subsequent steps will
still hold because of the semicontinuity of the Ext sheaves.
Being F˜ a torsion free sheaf, we have a canonical short exact sequence
0 −→ F˜ −→ F˜∗∗ −→ T −→ 0
where T is a sheaf supported on a scheme of dimension at most 1.
The stability of E implies the stability of F˜ , therefore we get h0(F˜∗∗(−1,−1)) = 0 and
moreover h0(T (−1,−1)) = 0, that tells us that the support of T does not have isolated
points, i.e. it is of pure dimension 1. Our next goal is to compute c2(T ) to get the degree
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of such support. First of all, let us notice that F˜∗∗ is a 2-rank reflexive sheaf on the flag
variety, therefore c3(F˜
∗∗(α1, α2)) is invariant for each twist by a line bundle OF (α1, α2). We
will denote such Chern class by c. Moreover, also c2(T (α1, α2)) is invariant by twist, indeed
it describes the degree of the support of the sheaf T , more specifically it is the opposite.
Considering the relation
c3(T (α1, α2)) = c− 2(α1h1 + α2h2)c2(T )
and using the Hirzebruch-Riemann-Roch formula, we compute
χ(T (α1h1 + α2h2)) =
1
2
c− c2(T ) ((1 + α1)h1 + (1 + α2)h2)
Taking every pair of negative α1, α2 such that α1 + α2 << 0 we obtain the following coho-
mological relations
−χ(T (α1, α2)) = h
1(T (α1, α2)) ≤ h
2(F˜(α1, α2)) = h1(OL1(α1, α2))
where the middle inequality is given because the sheaf F˜∗∗ is reflexive and the right equality
from the semicontinuity of the Ext sheaves. Denoting c2(T ) = β1h
2
1 + β2h
2
2 we thus obtain
−
1
2
c+ (1 + α1)β2 + (1 + α2)β1 ≤ −α2 − 1
that gives us β1 = −1 and β2 = 0.
Moreover, choosing α1 = α2 = −1 we get
−
1
2
c = −χ(T (−1,−1)) = h1(T (−1,−1)) ≥ 0,
hence c = 0. This means that if F˜ is not locally free, it would fit in the following short exact
sequence
0 −→ F˜ −→ F˜∗∗ −→ OL1 −→ 0
We would like now to compute
1− ext1(F˜ , F˜) = χ(F˜ , F˜) = χ(F˜∗∗, F˜)− χ(OL1 , F˜)
Being F˜∗∗ locally free (we proved c = 0), hence a deformation of an instanton bundle of
charge k, and using Hirzebruch-Riemann-Roch we compute χ(F˜∗∗, F˜) = 2 − 8k, and using
the resolution of OL1 in the flag variety, we compute χ(OL1 , F˜) = 2. This means that
ext1(F˜ , F˜) = 8k+1; but the family of sheaves F defined as in (20) have dimension equals to
8k−3+2+1 = 8k, where 8k−3 is the dimension of the moduli of instantons of charge k (this
has been already computed in [6], but it can also be done explicitly using the Hirzebruch-
Riemann-Roch described in the preliminary section), 2 are the lines L1 of the first family
and 1 = P(H0(E|L1)), which represents the choice of one of the two summand of the trivial
restriction in order to construct the surjection E → OL1 . We can conclude that F can be
deformed to a locally free sheaf.
We will exactly take such deformation F˜ and we basically apply the same technique, using
a line L2 of the second family. Indeed, consider the short exact sequence
(21) 0 −→ H −→ F˜ −→ OL2 −→ 0
which gives us a torsion free sheaf H with c2(H) = (k + 1)h1h2, c1(F) = c3(F) = 0 and
H1(F(−1,−1)) = 0. As before, for the generic conic C in the flag variety, we have trivial
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restrictions, i.e. F|C ≃ E|C ≃ O
2
C and the same happens for the generic lines L1 and L2.
Applyng Hom(−,H) and Hom(F˜ ,−) to (21), we get Ext2(H,H) = 0.
Once again we want to prove that H can be deformed to a vector bundle. We will denote
such deformation by H˜. All the required cohomological properties for the subsequent steps
will still hold because of the semicontinuity of the Ext sheaves.
Being H˜ a torsion free sheaf, we have a canonical short exact sequence
0 −→ H˜ −→ H˜∗∗ −→ T −→ 0
where T is a sheaf supported on a scheme of dimension at most 1.
The stability of F˜ implies the stability of H˜, therefore we get h0(H˜∗∗(−1,−1)) = 0 and
moreover h0(T (−1,−1)) = 0, that tells us that the support of T does not have isolated points,
i.e. it is of pure dimension 1. As before, we want to compute c2(T ) and c3(H˜
∗∗(α1, α2)) is
invariant for each twist by a line bundle OF (α1, α2). We will denote such Chern class by c.
Moreover, also c2(T (α1, α2)) is invariant by twist.
In this case, taking every pair of negative α1, α2 such that α1 + α2 << 0 we obtain the
following cohomological relations
−χ(T (α1, α2)) = h
1(T (α1, α2)) ≤ h
2(H˜(α1, α2)) = h1(OL2(α1, α2)).
Denoting c2(T ) = β1h
2
1 + β2h
2
2 we thus obtain
−
1
2
c+ (1 + α1)β2 + (1 + α2)β1 ≤ −α1 − 1
that gives us β1 = 0 and β2 = −1.
Moreover, choosing α1 = α2 = −1 we get
−
1
2
c = −χ(T (−1,−1)) = h1(T (−1,−1)) ≥ 0,
hence c = 0. This means that if H˜ is not locally free, it would fit in the following short exact
sequence
0 −→ H˜ −→ H˜∗∗ −→ OL2 −→ 0
Here again, we compute ext1(H˜, H˜) = 8k + 5; but the family of sheaves F defined as in (20)
have dimension equals to 8k+1+2+1 = 8k+4. Again, we conclude that H can be deformed
to a locally free sheaf, which in this case is an instanton bundle of charge k + 1 on the flag
variety.
7. Jumping rational curves
Now we are going to define the notion of jumping conic. For instanton bundles on P3,
jumping lines have been thoroughly studied. Here we propose an analogous definition for
conics on the flag variety that deals at once with the irreducible and reducible case:
Definition 7.1. Let E be an instanton bundle on the flag variety F . A conic C ⊂ F
(irreducible or not) is a jumping conic of order (a, b) if satisfies H1(E|C(−1, 0)) = a and
H1(E|C(0,−1)) = b. C is said to have trivial splitting type when it has order (0, 0).
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Let us give some insight to our definition. Indeed, suppose first that C ⊂ F is an irreducible
conic, C ∼= P1. In that case, OF (−1, 0)|C = OF (0,−1)|C = OC(−1) and for an instanton
bundle E we have E|C ∼= OF (−a)⊕OF (a) if and only if H
1(E|C(−1, 0)) = H
1(E|C(0,−1)) = a
if and only if it is a jumping conic of type (a, a).
On the other hand, for a reducible conic C = L1 ∪L2 for lines Li intersecting transversely
on a single point. In this case, it is well-known that Pic(C) ∼= Z2, where the isomorphism is
given by L → (degL1(L), degL2(L)). Therefore, for an instanton E on F the restriction to C
is of the form EC ∼= OC(a, b) ⊕OC(−a,−b) if and only if it is a jumping conic of type (a, b).
Let us consider the exact sequence associated to a conic C
0→ OF (−1,−1)→ OF (0,−1) ⊕OF (−1, 0)→ OF → OC → 0
Writing the above sequence in families with respect to global sections ofOF (0,−1)⊕OF (−1, 0),
we get the description of the universal conic C ⊂ F ×H
(22)
0→ OF (−1,−1)⊠OH(−1,−1)→ OF (0,−1)⊠OH(0,−1)⊕OF (−1, 0)⊠OH(−1, 0)→ OF×H → OC → 0.
We denote by DE the locus of jumping conics of an instanton E , and by i its embedding in
H.
Proposition 7.2. Let E be a generic k-instanton on F . Then DE is a divisor of type (k, k)
equipped with a sheaf G fitting into
(23) 0→ OH(−1,−1)
⊕k ⊕OH(−1, 0)
⊕k → O⊕kH ⊕OH(−1, 0)
⊕k → i∗G→ 0.
Proof. A conic C is jumping for E if and only if the point of H corresponding to C lies in the
support of R1q∗p
∗(E(−1, 0)).
Let us consider the Fourier-Mukai trasform Φ = q∗(p
∗(− ⊗ OF (−1, 0))). Let us apply Φ to
the terms of the monad (14).
Riq∗((p
∗(OF (−1, 0) ⊗OF (−1, 0))) ∼= R
iq∗((OF (−2, 0) ⊠OH(0, 0))).
By (22) tensored by OF (−2, 0) ⊠ OH(0, 0), since the only non zero cohomology on F is
h2(OF (−3, 0)) = 1 we get R
iq∗((p
∗(OF (−1, 0) ⊗OF (−1, 0))) = 0 for i 6= 1 and
R1q∗((p
∗(OF (−1, 0) ⊗OF (−1, 0))) ∼= OH(−1, 0).
Riq∗((p
∗(OF (0,−1) ⊗OF (−1, 0))) ∼= R
iq∗((OF (−1,−1)⊠OH(0, 0))).
By (22) tensored by OF (−1,−1) ⊠ OH(0, 0), since the only non zero cohomology on F is
h3(OF (−2,−2)) = 1 we get R
iq∗((p
∗(OF (0,−1) ⊗OF (−1, 0))) = 0 for i 6= 1 and
R1q∗((p
∗(OF (0,−1) ⊗OF (−1, 0))) ∼= OH(−1,−1).
Riq∗((p
∗(OF ⊗OF (−1, 0))) ∼= R
iq∗((OF (−1, 0) ⊠OH(0, 0))).
By (22) tensored by OF (−1, 0) ⊠OH(0, 0), since the cohomology on F is all zero we get for
any i
Riq∗((p
∗(OF ⊗OF (−1, 0))) ∼= 0.
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Riq∗((p
∗(G1(−1, 0) ⊗OF (−1, 0))) ∼= R
iq∗((G1(−2, 0) ⊠OH(0, 0))).
By (22) tensored by G1(−2, 0) ⊠ OH(0, 0), since the only non zero cohomology on F is
h1(G1(−2, 0)) = 1 we get R
iq∗((p
∗(G1(−1, 0) ⊗OF (−1, 0))) = 0 for i 6= 1 and
R1q∗((p
∗(G1(−1, 0) ⊗OF (−1, 0))) ∼= OH
Riq∗((p
∗(G2(0,−1) ⊗OF (−1, 0))) ∼= R
iq∗((G2(−1,−1) ⊠OH(0, 0))).
By (22) tensored by G2(−1,−1) ⊠ OH(0, 0), since the only non zero cohomology on F is
h2(G2(−2,−1)) = 1 we get R
iq∗((p
∗(OF (0, 1) ⊗OF (−1, 0))) = 0 for i 6= 1 and
R1q∗((p
∗(G2(0,−1) ⊗OF (−1, 0))) ∼= OH(−1, 0).
Now if we apply Φ to the sequence
0→ K → G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k β−→ O⊕2k−2F → 0
we get Riq∗((p
∗(K ⊗OF (−1, 0))) = 0 for i 6= 1 and
R1q∗((p
∗(K ⊗OF (−1, 0))) ∼= OH(−1, 0) ⊕OH.
From
0→ OF (0,−1)
⊕k ⊕OF (−1, 0)
⊕k → K → E → 0
we get
0→ R0q∗((p
∗(E ⊗ OF (−1, 0)))→ OH(−1, 0)
⊕k ⊕OH(−1,−1)
⊕k γ−→ OH(−1, 0)
⊕k ⊕O⊕kH .
So γ is a (2k)×(2k) matrix made by a (k)×(k) matrix linear in the first variables, a (k)×(k)
linear in the second variables a (k)× (k) matrix of degree 0 and a (k)× (k) matrix of bidegree
(1, 1). Hence ker(γ) is zero and coker(γ), which is R1q∗((p
∗(E ⊗OF (−1, 0))), is an extension
to H of a rank 1 sheaf, which we call G, on DE , that is a divisor of type (k, k) given by the
vanishing of the determinant of γ.

For strictly semistable instanton bundles we can say much more about the divisor of jumping
conics. For this recall that such an instanton fits on a short exact sequence (7) and in
particular has charge k = l2. We are going to see that the support of DE is exactly the set of
reducible conics, namely conics of the form C = L1 ∪L2 for lines Li intersecting transversely
on a single point:
Proposition 7.3. Let E be a strictly semistable k-instanton on F , with k = l2. Then C ∈ DE
if and only if C is reducible: C = L1 ∪ L2. In particular, if E is defined as the extension
0→ OF (l,−l)→ E → OF (−l, l)→ 0
the possible splitting types are given by
E|C ∼= OC(l,−a)⊕OC(−l, a)
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with 0 ≤ a ≤ l.
Moreover, it is possible to find strictly semistable instanton bundles E on the flag and l + 1
different reducible conics Cj on F , such that
E|Cj
∼= OCj (l,−j) ⊕OC(−l, j),
for j = 0, . . . , l, i.e. we have all the possible splittings.
The family of strictly semistable bundles given by the other extension behave analogously.
Proof. Restricting the short exact sequence (7) that defines E to an smooth conic C, we see
that E|C ∼= O
2
C . On the other hand, suppose that C = L1 ∪L2 with each of the Li belonging
to one of the two families of lines on F . Then for the suitable Li we have
0→ OLi(l)→ E|Li → OLi(−l)→ 0.
Then the sequence should split and ELi
∼= OLi(l) ⊕ OLi(−l). For the other line, the corre-
sponding exact sequence can have central term E|Lj
∼= OLj (−a)⊕OLj (a) for any 0 ≤ a ≤ l.
To conclude the proof, consider the semistable family, the other one is studied in the same
way, given as extensions of type
0→ OF (l,−l)→ E → OF (−l, l)→ 0.
Restricting at the lines of second family, we have that E|L2 ≃ OL2(l)⊕OL2(−l). For the other
family of lines we have
0→ OL1(−l)→ E|L1 → OL1(l)→ 0,
hence E|L1 ∈ Ext
1(OL1(l),OL1(−l)) = H
1(OL1(−2l)) and E ∈ Ext
1(OF (−l, l),OF (−l,−l)) =
H1(OF (2l,−2l)). The two extensions are related by the following exact sequence
0→ OF (2l − 2,−2l)→ OF (2l − 1,−2l)→ OF (2l,−2l)→ OL1(−2l)→ 0
From Proposition 1.1 we can compute that H i(OF (2l − 2,−2l)) = 0 for i = 0, 1, 2, 3 and
H i(OF (2l − 1,−2l)) = H
i(OF (2l,−2l)) = 0 for i = 0, 2, 3, we therefore have a surjective
linear map
(24) ϕ : H1(OF (2l,−2l))→ H
1(OL1(−2l))
between vector spaces of respective dimensions (2l− 1)(2l+1) and 2l− 1 and let us consider
the associated linear projective map ϕ˜ between the associated projective spaces (of dimension
one lower). Take lines Lj, j = 0, . . . , l from this family and points αi ∈ P(H
1(OLi(−2l)))
parameterizing the extension of type OLi(−i) ⊕ OLi(i) (recall that the isomorphism class
of an extension is classified by this projective space). Then Ai := ϕ˜
−1(αi) will be a linear
projective subspace of P(H1(OF (2l,−2l))) of codimension 2l − 1. The intersection ∩
l
i=0Ai
will have codimension (2l−1)(l+1) ≤ (2l−1)(2l+1)−1 and therefore will be nonempty. The
elements of the intersection will parameterize l2-instanton bundles with the desired restriction
to the reducible conics Li∪L
′
i (L
′
i is the unique line from the other family that intersects Li).

Nevertheless, by the following result, we observe that for the general case we have that
the family jumping conics of type at least(-1,1), which we now know form a divisor, do not
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coincide with the family of type at least (-2,2). Hence, we have proper jumping conics of type
(-1,1). This result should be compared to [5].
We denote by SE the locus of jumping conics of type at least (−2, 2) of an instanton E ,
and by j its embedding in H.
Proposition 7.4. Let E be a generic k-instanton on F . Then SE is a Cohen Macaulay curve
equipped with a torsion-free sheaf G fitting into
(25) 0→ B → OH(−1, 0)
⊕k ⊕OH(0,−1)
⊕k → O⊕2k−2H → i∗G→ 0.
where B is a rank two torsion free sheaf on H.
Proof. A conic C belong to SE if and only if the point of H corresponding to C lies in the
support of R1q∗p
∗(E).
Let us consider the Fourier-Mukai trasform Φ = q∗(p
∗()). Let us apply Φ to the terms of the
monad (14). By (22) tensored by OF (−1, 0) ⊠ OH(0, 0), since the cohomology on F is all
zero we get for any i
Riq∗((p
∗(OF )) ∼= 0.
By (22) tensored by OF (0,−1) ⊠ OH(0, 0), since the cohomology on F is all zero we get
for any i
Riq∗((p
∗(OF ⊗OF (0,−1))) ∼= 0.
By (22) tensored byOF⊠OH(0, 0), since the only non zero cohomology on F is h
0(OF )) = 1
we get Riq∗((p
∗(OF )) = 0 for i 6= 0 and
R0q∗((p
∗(OF )) ∼= OH.
By (22) tensored by G1(−1, 0) ⊠ OH(0, 0), since the only non zero cohomology on F is
h1(G1(−2, 0)) = 1 we get R
iq∗((p
∗(G1(−1, 0))) = 0 for i 6= 0 and
R0q∗((p
∗(G1(−1, 0))) ∼= OH(−1, 0).
By (22) tensored by G2(0,−1) ⊠ OH(0, 0), since the only non zero cohomology on F is
h2(G2(0,−2)) = 1 we get R
iq∗((p
∗(OF (0, 1))) = 0 for i 6= 0 and
R0q∗((p
∗(G2(0,−1))) ∼= OH(0,−1).
Now if we apply Φ to the sequence
0→ O(0,−1)⊕k ⊕O(−1, 0)⊕k → K → E → 0
we get Riq∗((p
∗(E)) ∼= Riq∗((p
∗(K)) for any i. From
0→ K → G1(−1, 0)
⊕k ⊕ G2(0,−1)
⊕k β−→ O⊕2k−2 → 0
we get
0→ R0q∗((p
∗(E))→ OH(−1, 0)
⊕k ⊕OH(0,−1)
⊕k γ−→ O⊕2k+2H .
So γ is a (2k+2)× (2k) matrix made by a (k+1)× (k) matrix linear in the first variables, a
(k+1)× (k) linear in the seconds variables. Hence ker(γ) is a rank two bundle and coker(γ),
which is R1q∗((p
∗(E)), is an extension to H of a torsion free sheaf supported on the curve
SE .

28 F. MALASPINA, S. MARCHESI AND J. PONS-LLOPIS
References
1. M. F. Atiyah, V.G. Drinfeld, N. J. Hitchin, Yu. I Manin: Construction of instantons, Phys. Lett. A, 65,
185–187 (1978)
2. M.F. Atiyah, R. S. Ward: Instantons and Algebraic Geometry. Commun. math. Phys., 55, 117-124 (1977)
3. W. Barth, K. Hulek: Monads and moduli of vector bundles, Manuscripta Math., 25 (4), 323–347 (1978)
4. C. Bo¨hning: Derived categories of coherent sheaves on rational homogeneous manifold, Doc. Math. 11,
261–331 (2006)
5. J. Brun, A. Hirschowitz: Varie´te´ des droites sauteuses du fibre´ instanton ge´ne´ral, Compositio Mathematica,
53, no. 3 , 325–336 (1984)
6. N.P. Buchdahl: Instantons on CP2. J. Diff. Geometry 24, 19–52 (2006)
7. M. Casanellas, R. Hartshorne, F. Geiss, F.O Schreyer: Stable Ulrich bundle, Internat. J. Math., 23 (8),
1250083 (2012)
8. G. Casnati, D. Faenzi, F. Malaspina: Moduli spaces of rank two aCM bundles on the Segre product of three
projective lines, J. Pure Appl Algebra, 220 (l), 1554–1575 (2016)
9. G. Casnati, D. Faenzi, F. Malaspina: Rank two aCM bundles on the del Pezzo fourfold of degree 6 and its
general hyperplane section, J. Pure Appl. Algebra 220 n. 4, 1554–1575 (2016)
10. L. Costa, G. Ottaviani: Nondegenerate multidimensional matrices and instanton bundles, Trans. Amer.
Math. Soc. 355c(1) 49–55 (2003)
11. S. Donaldson: Vector bundles on the flag manifolds and the Ward correspondence. Geometry today (Rome,
1984), 109–119, Progr. Math., 60, Birkhuser Boston, Boston, MA (1985)
12. D. Eisenbud, F.O. Schreyer, J. Weyman: Resultants and Chow forms via exterior syzygies, J. Amer. Math.
Soc. 16, (2), 537–579 (2003)
13. D. Faenzi: Even and odd instanton bundles on Fano threefolds of Picard number one. Manuscripta Math.
144, 199–239 (2014)
14. A. Gorodentsev, S. A. Kuleshov: Helix theory, Mosc. Math. J, 4(2), 377-440 (2004)
15. A. Hirschowitz: Sur la restriction des faisceaux semi-stables, Annales scientifiques de l’E´.N.S, 14(29),
199–207 (1981)
16. N. J. Hitchin: Ka¨hlerian twistor spaces, Proc. Lond. Math. Soc. (3), 43, no. 1, 133?150 (1981)
17. A. Kuznetsov: Instanton bundles on Fano threefolds, Central European Journal of Mathematics, 10(4),
1198–1231 (2012)
18. A. Kuznetsov, Y. Prokhorov, C. Shramov: Hilbert schemes of lines and conics and automorphism groups
of Fano threefolds, arXiv:1605.02010
19. M. Jardim, G. Menet, D. Prata, H. Sa´ Earp: Holomorphic bundles for higher dimensional gauge theory,
Bull. London Math. Soc. 49, 117–132 (2017)
20. J. Le Potier: Sur l’espace de modules des fibre´s de Yang et Mills. In Mathe´matique et physique. Lectures
presented at the seminar held at the E´cole Normale Supe´rieure, Paris, 1979/1982 (L. Boutet de Monvel,
A. Douady, J.L. Verdier eds.), Progr. Math. (Birkha¨user Boston), 37, 65–137 (1983)
21. C. Okonek, M. Schneider, H. Spindler: Vector bundles on complex projective spaces. Progress in Mathe-
matics, Birkha¨user (1980)
22. A. N. Rudakov: Helices and vector bundles, Seminaire Rudakov, 148, Cambridge University Press (1990)
Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
E-mail address: francesco.malaspina@polito.it
Instituto de Matema´tica, Estat´ıstica e Computac¸ao Cient´ıfica UNICAMP, Rua Se´rgio Buar-
que de Holanda 651, Distr. Bara˜o Geraldo, 13083-859 Campinas, SP, Brazil
E-mail address: marchesi@ime.unicamp.br
Department of Mathematics, Faculty of Science, Kyoto University, Kitashirakawa Oiwake-
cho, Sakyo-ku, Kyoto 606-8502, Japan
E-mail address: ponsllopis.juanfrancisco.57s@st.kyoto-u.ac.jp
